Probability & Random Processes

Please show all the steps involved in computing the solution. Partial credit will only be given if steps are shown.

1. A biased coin has a probability of head equals p. This biased coin is flipped 5 times. The outcome of each flip is independent of the outcome of the other flips. Let discrete random variable X denote the number of heads in the first 3 flips and discrete random variable Y denote the number of tails in the last 3 flips. Find the joint PMF PX,Y(x,y).

2. Continuous random variables X and Y have the following joint pdf.

                            f(x,y)= k           for 0<x<2, 0<y<3, 0<x+y<4

                                  =0                  else

Compute the value of the constant k. Find the conditional expected value of X given Y=y. Are X and Y independent random variables?

3. An LED manufactured at Delphi Motor Company has a mean life time of 100 hours. The standard deviation of the life time is 3 hours. What is the probability that an LED selected at random has a lifetime of between 90 and 105 hours. You may assume that the lifetime of an LED has a Gaussian distribution.

4. There are two different types of radioactive elements available to a scientist. Type 1 emits radioactive particles with a Poisson distribution and mean of x. Type 2 emits radioactive particles with a Poisson distribution and a mean of y. Let x>y. The scientist does not know apriori which of the two materials he is given, i.e., both materials have a probability of 0.5 of being selected. The scientist can only observe the number of emissions from the source in a given period of time. How should the scientist decide whether the material is type 1 or type 2? In other words, what is the decision rule? What is the probability of making an error with this decision rule?

5. Let X1, X2, …, Xn be an i.i.d sequence of random variables where each X is Gaussian distributed with mean 0 and variance 4. Let Y =0.5 Xn + 0.25 Xn-1 + 0.25 Xn-2. Find the mean and autocorrelation function of Y. Is Y a wide sense stationary process? Let Zn = Yn + Xn-1. Find the mean and autocorrelation function of Z. Is Z a wide sense stationary process?
